where the proposed formula for the structure constant U(a) is [1] U(a) = πµγ(b 2 )
A similar conjecture has been put forward for the structure constant of the three point function on the sphere [2] and in this case it has been verified up to order b 10 in perturbation theory [5] , within the hamiltonian approach [3, 4] .
It is useful to consider [1] instead of e 2aφ(z 1 )
the expansion in powers of a of the logarithm of (1) log e 2aφ(z 1 ) = ∞ n=1 (2a)
n Decomposing the field φ as a sum of a background field φ cl and a quantum fluctuation χ
the action becomes [1]
The field φ cl describes a surface of constant negative curvature.
Decomposing the lagrangian of the quantum field χ in the quadratic part and in the interaction part, one gets the propagator [1] g(z, z
The interaction lagrangian is given by
The graphs contributing to the order b 3 in G 3 are shown below
The most difficult graph is the first one, known as the tetrahedron (or mercedes) graph and we will present a technique to calculate it. Before doing that, we will discuss the simpler graphs (b), . . . , (g). 
Graph (c) can be also reduced to an integration of the previous subgraph and the square of g(z, z ′ ) on the invariant measure. Graphs (d), (e), (f) and (g) contain the divergent loop. Following the regularization proposed in [1] , we will put
The sum of the graphs (d) and (e) collapses into graph (j) shown below, where the cross means the introduction of the vertex
Similarly, the sum of (f) and (g) collapses into graph (k), where the cross means an
Summing up, taking into account the correct multiplicities, we obtain
We come now to graph (a). We employ a method inspired by the Gegenbauer polynomials technique [6] with the following differences. First, our space is 2-dimensional, thus the Gegenbauer expansion reduces to a simple Fourier expansion. On the other hand, the propagator on the curved space is not simply (p 2 ) −ν , but the far more complicated expression given by (11). This method can also be useful to compute higher order diagrams.
Leaving apart for a while the combinatorial factor and the factors coming from the expansion of the exponential of the interaction part, the integral that gives the tetrahedron graph is
Exploiting invariance under SU(1, 1) transformations, we can set z 1 = 0 and T becomes
where g(|z| 2 ) = g(0, z). The Fourier expansion of g(z, z ′ ) is given by
where β is the angle between z and z ′ , x = |z| 2 , y = |z ′ | 2 and the explicit form of g n (x, y)
and, for n 2,
obtained by solving the radial equation for the Green function.
Performing the angular integrations and exploiting the symmetry of the Green functions, we can rewrite (19) as follows
where
For n = 0 and n = 1, we integrate by parts the last integral, finding
For n 2, we perform an integration by parts in the last integral with
and
reducing the integrals to the following one dimensional integrals
For n 2 the primitives of the integrand in (25) are very complicated combinations of hypergeometric functions of high order. It is more convenient to write the generic term appearing in the primitives as
and compute separately the finite part of such integrals since, being (25) convergent, the divergent parts cancel out. The algebraic calculations have been performed with the
program. We reduce I n to the form
where ψ k (n) is the polygamma function, defined as [7] 
At this point, we need to perform the sum of (27) for n going from 2 to ∞.
The first four terms are readly summed. The fifth one can be decomposed as follows
where the first three terms are easily summed, while the last two are computed exploiting the recursion relations
The sum of the last term of (27), which is also convergent, is computed by using the relations 2 = lim n→∞ n 3 ψ 3 (n) and
rewriting the limit as a series of differences and using (30).
Putting everything together, we find
Finally, adding the contribution of n = 0, n = 1 and recalling the factor 6/4 in order to get T n from I n when n 2, we have
Taking into account the combinatorial factor and the factors coming from the expansion of the exponential of the interaction, we get the tetrahedron graph (a). Then, adding the contributions of the other graphs (b), (c), (j) and (k), we find the order b 3 in the perturbative expansion of G 3
To extract G 3 from the proposed formula (2) for U(a), we need the perturbative expansion of log U(a), very easy to compute to any order. To order b 3 , we find perfect agreement with our perturbative calculation result (34).
Further details, along with a comparison with the geometric approach to Liouville theory [8] , will be published elsewhere.
